
Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of  
Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-AC04-94AL85000.  

DMML	  Workshop	  
Berkeley	  CA	  

October	  23,	  2015	  



A	  tensor	  is	  an	  N-‐way	  array	  

10/23/2015	   Ballard	   2	  

Vector	  
N	  =	  1	  

Matrix	  
N	  =	  2	  

3rd-‐Order	  Tensor	  
N	  =	  3	  

4th-‐Order	  Tensor	  
N	  =	  4	  

5th-‐Order	  Tensor	  
N	  =	  5	  



Tensor	  decomposi4ons	  are	  the	  	  
new	  matrix	  decomposi4ons	  
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Singular	  value	  decomposi2on	  (SVD),	  
eigenvalue	  decomposi2on	  (EVD),	  

nonnega2ve	  matrix	  factoriza2on	  (NMF),	  
sparse	  SVD,	  etc.	  	  

Viewpoint	  1:	  Sum	  of	  outer	  products,	  	  
useful	  for	  interpretaLon	  

Viewpoint	  2:	  High-‐variance	  subspaces,	  	  
useful	  for	  compression	  

CP	  Model:	  Sum	  of	  d-‐way	  outer	  products,	  
useful	  for	  interpretaLon	  

Tucker	  Model:	  Project	  onto	  high-‐variance	  
subspaces	  to	  reduce	  dimensionality	  

CANDECOMP,	  PARAFAC,	  Canonical	  Polyadic,	  CP	  

HOSVD,	  Best	  Rank-‐(R1,R2,…,RN)	  decomposi4on	  

Other	  models	  for	  compression	  include	  
hierarchical	  Tucker	  and	  tensor	  train.	  



Tensor	  fibers,	  mode-‐n	  unfolding,	  and	  
mode-‐n	  Mul4plica4on	  
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Tensor	  “mode-‐n	  fibers”	  analogous	  to	  
matrix	  rows	  and	  columns	  

Mode-‐1	  Fibers	   Mode-‐2	  Fibers	   Mode-‐3	  Fibers	  

X(n)	  denotes	  mode-‐n	  unfolding,	  arranges	  
mode-‐n	  fibers	  as	  matrix	  columns	  

Tensor-‐Lmes-‐matrix	  (TTM)	  in	  mode-‐n	  
mulLplies	  mode-‐n	  fibers	  Lmes	  matrix	  

Equivalent	  to	  matrix	  operaLon:	  



Tucker	  decomposi4on	  
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Data	  
Tensor	  

Core	  
Tensor	  

Factor	  
Matrix	  

1	  

Factor	  
Matrix	  

2	  

Factor	  
Matrix	  	  

N 

Tucker	  (1966);	  Kapteyn,	  Neudecker,	  Wansbeek	  (1986)	  

If	  Rn	  ¸	  rank(X(n))	  for	  all	  n,	  then	  decomposiLon	  is	  exact.	  Else,	  it’s	  lossy.	  

WLOG,	  assume	  U(n)	  has	  orthogonal	  columns	  for	  all	  n.	  



Op4miza4on	  problem	  
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Couple	  Facts:	  (1)	  At	  an	  opLmum,	  it	  must	  be	  the	  case	  that	  

(2)	  The	  minimizaLon	  problem	  above	  can	  be	  wrifen	  as	  

SoluLon	  to	  (*)	  is	  to	  choose	  U(n)	  to	  be	  the	  Rn	  leading	  leh	  singular	  vectors	  of	  W(n).	  

(*)	  



Truncated	  Higher-‐Order	  SVD	  (HOSVD)	  
is	  a	  sequence	  of	  truncated	  SVDs	  
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Also	  known	  as	  “Tucker1”	  method.	  

Tucker	  (1966);	  De	  Lathauwer,	  De	  Moor,	  Vandewalle	  (2000);	  Vannieuwenhoven,	  Vandebril,	  and	  Meerbergen	  (2012)	  



Truncated	  HOSVD	  is	  a	  	  
sequence	  of	  truncated	  SVDs	  
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Also	  known	  as	  “Tucker1”	  method.	  

Tucker	  (1966);	  De	  Lathauwer,	  De	  Moor,	  Vandewalle	  (2000);	  Vannieuwenhoven,	  Vandebril,	  and	  Meerbergen	  (2012)	  



Sequen4ally	  Truncated	  HOSVD	  
improves	  further	  
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Vannieuwenhoven,	  Vandebril,	  and	  Meerbergen	  (2012)	  

Smaller at each step 



Higher-‐Order	  Orthogonal	  Itera4on	  
(HOOI)	  improves	  again	  
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Kroonenberg	  and	  De	  Leeuw	  (1980);	  Kapteyn,	  Neudecker,	  Wansbeek	  (1986);	  De	  Lathauwer,	  De	  Moor,	  Vandewalle	  (2000)	  



Key	  kernels	  are	  TTM	  and	  Gram	  
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Vannieuwenhoven,	  Vandebril,	  and	  Meergergen	  (2012)	  

Gram	  

TTM	  



Tensors	  in	  scien4fic	  applica4ons	  are	  
huge,	  need	  parallel	  methods	  
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3D	  SpaLal	  
Grid	  

5123	  

Time	  128	  

Variables	  64	  
8	  TB	  	  (double	  precision)	  

240	  elements	  



Tensor	  distribu4on:	  Cartesian	  
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Unfolded	  tensor	  distribu4on	  
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Global	  Unfolded	  Tensor:	  	  

Global	  Tensor	  Size:	  	  

Processor	  Grid	  Size:	  	  

Processor	  Grid:	  	  



Redundant	  factor	  matrix	  distribu4on	  
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Factor	  matrices	  are	  replicated	  on	  each	  processor	  fiber	  
and	  1D	  row-‐distributed	  on	  each	  fiber	  



Parallel	  TTM	  
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Global	  Tensor	  Size:	  	  

Processor	  Grid	  Size:	  	  



Parallel	  Gram	  
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Parallel	  eigenvector	  computa4on	  
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Every	  processor	  redundantly	  computes	  the	  	  
leading	  eigenvectors	  of	  the	  Gram	  matrix	  



Applica4on	  results:	  	  
compression	  versus	  accuracy	  
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Compression	  raLo:	  

Ranks	  depend	  on	  error:	  

Simula2on	  of	  an	  autoigni2ve	  premixture	  of	  air	  and	  
ethanol	  in	  Homogeneous	  Charge	  Compression	  Igni2on	  

HCCI-‐628:	  672	  x	  672	  x	  33	  x	  628,	  72	  GB	  
	  

	  Temporally-‐evolving	  planar	  slot	  Jet	  flame	  
with	  DME	  (dimethyl	  ether)	  as	  the	  fuel	  

TJ-‐A-‐13:	  300	  x	  500	  x	  240	  x	  35	  x	  13,	  122	  GB	  	  
TJ-‐B-‐16:	  460	  x	  700	  x	  360	  x	  35	  x	  16,	  512	  GB	  

Thanks	  to	  Hemanth	  Kolla	  and	  Ankit	  Bhagatwala	  for	  combusLon	  applicaLon	  data,	  	  
from	  Sandia’s	  S3D	  direct	  numerical	  simulaLon	  code	  



Sample	  results	  for	  one	  species	  in	  
HCCI:	  error	  is	  negligible	  
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910MB	  compressed	  to	  1.5MB	  

Compression:	  586	  
Original X

Recovered X̂

||X� X̂||
||X|| = 3.08⇥ 10�8

672	  x	  672	  x	  33	  x	  8	   48	  x	  48	  x	  20	  x	  3	  



Sample	  results	  for	  “derived”	  
quan4ty:	  error	  is	  negligible	  

10/23/2015	   Ballard	   21	  

Compression:	  586	  
Original X

Recovered X̂

||X� X̂||
||X|| = 3.08⇥ 10�8

672	  x	  672	  x	  33	  x	  8	   48	  x	  48	  x	  20	  x	  3	  

910MB	  compressed	  to	  1.5MB	  



Sample	  results	  for	  one	  species	  in	  3D	  
HCCI:	  error	  is	  negligible	  
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52	  GB	  compressed	  to	  52	  MB	  

Compression:	  1000	  Original X Recovered X̂
500	  x	  500	  x	  500	  x	  11	  x	  5	   50	  x	  50	  x	  50	  x	  11	  x	  5	  



Par4al	  reconstruc4on	  
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ReconstrucLon	  requires	  as	  much	  
space	  as	  the	  original	  data!	  

Pick	  out	  	  
kth	  species	  

Pick	  out	  	  
lth	  Lme	  step	  

But	  we	  can	  just	  reconstruct	  the	  porLon	  that	  
we	  need	  at	  the	  moment:	  



Parameter	  choices:	  processor	  grid	  
configura4on	  &	  mode	  order	  
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I:	  384	  x	  384	  x	  384	  x	  384	  
R:	  96	  x	  96	  x	  96	  x	  96	  

Processor	  Grid	  Configura4on	  
I:	  25	  x	  250	  x	  250	  x	  250	  
R:	  10	  x	  10	  x	  100	  x	  100	  

Mode	  Order	  



Strong	  &	  weak	  scaling	  on	  Edison	  
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Strong	  Scaling	  with	  24	  x	  2k	  processors	  
I:	  500	  x	  300	  x	  240	  x	  35	  
R:	  42	  x	  115	  x	  81	  x	  19	  

83%	  Peak	  

40%	  Peak	  

Weak	  Scaling	  with	  24	  x	  k4	  processors	  
I:	  200k	  x	  200k	  x	  200k x	  200k	  

R:	  20k	  x	  20k	  x	  20k	  x	  20k	  

70	  secs	  
15	  TB	  

104	  TFLOPS	  



Parallel	  Tucker	  Compression	  
§  First-‐ever	  implementaLon	  of	  

distributed-‐memory	  parallel	  
Tucker	  decomposiLon	  

§  Up	  to	  106	  compression	  on	  real-‐
world	  data	  with	  minimal	  loss	  in	  
accuracy	  

§  Scales	  well	  –	  achieving	  17%	  of	  
peak	  on	  over	  30,000	  cores	  

§  Future	  work	  
§  Detailed	  applicaLon	  studies	  
§  Use	  QR/SVD	  instead	  of	  Gram/EVD	  	  
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W.	  AusLn,	  G.	  Ballard,	  and	  T.	  G.	  Kolda,	  	  
Parallel	  Tensor	  Compression	  for	  Large-‐Scale	  Scien5fic	  Data,	  	  

hfp://arxiv.org/abs/1510.06689,	  October	  2015	  

For	  more	  informaLon:	  
Grey	  Ballard,	  	  

gmballa@sandia.gov	  
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Local	  unfolded	  tensor	  layout	  
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Local	  Layout:	  2	  x	  2	  x	  2	  x	  2	  



Mode-‐wise	  contribu4ons	  to	  
approxima4on	  error	  bound	  
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2D	  HCCI	  Data	  (628	  Lme	  steps)	  



Elementwise	  errors	  
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